Series of maximum distance quantum error-correcting codes are developed and analysed. For a given rate and given error-correction capability, quantum error-correcting codes with these specifications are constructed. The codes are explicit with efficient decoding algorithms. For a given field maximum length quantum codes are constructed.
are available. The codes are constructed from dual-containing linear mds codes derived using the constructions in [9] . For each characteristic, quantum mds codes are constructed over finite fields with this characteristic and with given rate and given error-correcting capability provided the characteristic does not divide the then required length. For a given rate and required error-correcting capability, quantum mds codes are constructed over a field of prime order with this rate and achieving the required error-correcting capability. For a given finite field, best quantum mds codes are constructed over this field.
CSS construction
The CSS constructions in use here are specified as follows:
• Let C be a classical linear code [n, k, d] over GF (q) containing its dual C ⊥ . The CSS construction derives a quantum (stabilizer) [[n, 2k − n, ≥ d]] code over GF (q).
• Let D be a classical linear code over GF (q 2 ) containing its Hermitian dual D ⊥H . The CSS construction derives a quantum (stabilizer) code [[n, 2k − n, ≥ d]] code over GF (q 2 ).
For more details on CSS constructions of quantum error-correcting codes see [2, 7] ; proofs of the above may also be found therein. The work of [2] follows from Rains' work on nonbinary codes [17] .
A code containing its dual is called a dual-containing code.
As noted in for example [2] if the dual-containing code used for the CSS construction is an mds linear code then the quantum code obtained is a quantum mds code.
The dual-containing codes
In [9] systems of mds linear codes, with efficient decoding algorithms, are constructed and analysed using Vandermonde/Fourier matrices. These codes are defined using the unit-derived methods of [8] . The constructions in [9] are now used to define series of dual-containing codes, and Hermitian dualcontaining codes, from which mds quantum codes are constructed by the CSS constructions. The dualcontaining codes obtained have efficient decoding algorithms by [9] giving efficient decoding algorithms for the quantum codes constructed.
In [13] binary and characteristic 2 quantum codes are constructed from group rings, with matrix implementations, but the methods there have been ignored. The paper [14] constructs quantum codes from matrix product codes.
The constructions
Let ω be a primitive n th root of unity in a field F; primitive here means that ω n = 1 and ω r = 1 for 1 ≤ r < n. For such an ω to exist in F it is necessary that the characteristic of F does not divide n and in this case n has an inverse in F.
The Fourier n × n matrix, relative to ω, is the n × n matrix
. . . ω
The inverse of F n is obtained directly by replacing ω by ω n−1 in the above formula and dividing by n; n −1 exists in F. The inverse of F n is not required explicitly here but is there in the background. The Fourier matrix is a type of Vandermonde matrix where the entries are roots of unity.
The rows, in order, of a Fourier matrix F n under consideration will be denoted by {e 0 , e 1 , . . . , e n−1 }.
, . . . , ω i(n−1) ) for the primitive n th root of unity ω used to build F n . We refer to [9] for the following theorem: Theorem 2.1 [9] Let C be a code generated by taking any r rows of F n in arithmetic sequence with arithmetic difference k satisfying gcd(n, k) = 1. Then C is an mds (maximum distance separable) [n, r, n− r + 1] code.
In particular we have: Theorem 2.2 [9] Let C be a code generated by taking r consecutive rows of F n . Then C is an mds [n, r, n − r + 1] code.
Efficient decoding algorithms are in addition given in that paper [9] . The unit-derived strategy as in [12, 8] is used for the constructions and analysis. The Theorems are based on methods originally derived in [10] .
Define the Euclidean inner product of vectors
this is an element of F. An Hermitian inner product will be defined over the field GF (q 2 ) in Section 4. For the Euclidean inner product, omit the suffix E so that < u, v >=< u, v > E .
Let C be a subspace of F n . The (Euclidean) dual of C is defined by C ⊥ = {u ∈ F n | < u, v >= 0, ∀v ∈ C}. If C has dimension r then C ⊥ has dimension n − r. Let {e 0 , e 1 , . . . , e n−1 } denote the rows, in order, of a Fourier matrix F n over a field F. Note that {e 0 , e 1 , . . . , e n−1 } is a basis for F n . This basis is not an orthogonal basis (luckily!) relative to the Euclidean inner product.
The inner product of the rows e i of the Fourier n × n matrix satisfy < e i , e j > E = e i e j T = 1 + ω i+j + ω 2(i+j) + . . . + ω (n−1)(i+j) . Notice that < e i , e n−i >= n (where e n is interpreted as e 0 ) and that < e i , e j >= 0 when j = n − i. This enables the calculation of the dual of a code generated by the rows of a Fourier matrix. Proposition 2.1 Let C be the code generated by the distinct rows < e i1 , e i2 , . . . , e ir > of the Fourier n × n matrix F n . Then C ⊥ is generated by the rows of F n excluding {e n−i1 , e n−i2 , . . . , e n−ir }.
Proof: This follows directly since < e i , e j >= 0 when j = n − i.
The generators for C ⊥ derived in Proposition 2.1 are a basis and C ⊥ has dimension (n − r). For example suppose {e 0 , e 1 , . . . , e 9 } are the rows of a Fourier 10 × 10 matrix. Let C =< e 0 , e 1 , e 2 , e 3 , e 4 , e 5 >. Then C ⊥ is generated by the rows excluding {e 0 , e 9 , e 8 , e 7 , e 6 , e 5 } and thus C ⊥ =< e 1 , e 2 , e 3 , e 4 >. Note in this example, by [9] , that C is a [10, 6, 5] [10, 6, 3] ] mds quantum code. If however T =< e 0 , e 1 , e 2 , e 3 , e 4 > then T ⊥ =< e 1 , e 2 , e 3 , e 4 , e 5 > and so T is not dual-containing; it will be noticed later that for the rows of a Fourier matrix to generate a dual-containing code it is necessary that more than half the number of rows need to be involved.
Codes from [9] which can be shown to be dual-containing relative to the Euclidean inner product are used to construct mds quantum codes by the CSS construction.
In section 4 codes from [9] which are dual-containing relative to a Hermitian inner product, over fields of form GF (q 2 ), are used to form mds quantum codes. Here are some examples with which to begin: 3. Consider the field GF (257) and note that 257 is prime. The field has primitive 256 th roots of unity, and then form the Fourier 256 × 256 Fourier matrix with a one of these primitive roots. For example 3 mod 257 has order 256 in GF (257). Now take the first r rows of this Fourier matrix with r > 128 to form a [256, r, 256 − r + 1] dual-containing code from which by the CSS construction the [[256, 2r − 256, 257 − r]] quantum code may be formed. These examples may be compared with those in the previous example; the arithmetic here is modular arithmetic, which is easy to implement, and one works over Z 257 .
Required rate and error-correcting capability
For a given rate R and error-correcting capability it is required to construct a quantum code with this rate and distance greater than or equal to a given distance, that is, it is required to construct a quantum code of the from [[n, k, ≥ d]] for R = k n and for a given d. To construct such a code, construct first of all a dual-containing code which when the CSS construction is applied will give the required quantum code. In fact an mds quantum code with given rate and given error-correcting capability will be constructed. Note that the CSS constructions produce codes of the
quantum code must satisfy the quantum Singleton Bound 2d ≤ n − k + 2 for k > 1 and the codes constructed reach this bound.
A dual-containing code which is not self-dual must have rate greater than 
Theorem 3.1 Let {e 0 , e 1 , . . . , e n−1 } be the rows of a Fourier n×n matrix F n . Suppose 2t ≥ n−1. Then the code C generated by {e 0 , e 1 , . . . , e t } (which has t + 1 elements) is a dual-containing [n, t + 1, n − t] mds code.
Proof: That C is an [n, t + 1, n − t] mds code follows from [9] , Theorem 2.2 above. The dual C ⊥ of C is generated by the rows of F n excluding {e 0 , e n−1 , e n−2 , . . . , e n−t } by Proposition 2.1. Thus C ⊥ =< e 1 , e 2 , . . . , e n−t−1 >. Now n − t − 1 < t as 2t ≥ n − 1 and thus C ⊥ ⊂ C.
] mds dual-containing code may be built from a Fourier n × n matrix by the methods of [9] . These codes have efficient decoding algorithms by methods of [9] .
For example let n = 12 and consider the Fourier 12 × 12 matrix with rows {e 0 , e 1 , . . . , e 11 }. Then the code generated by {e 0 , e 1 , e 2 , e 3 , e 4 , e 5 , e 6 } is a [12, 7, 6] dual-containing code and also {e 0 , e 1 , . . . , e 8 } is a [12, 9, 4] dual-containing code; however the code generated by {e 0 , e 1 , e 2 , e 3 , e 4 , e 5 } is not dual-containing. Another way to obtain a dual-containing code is by choosing {e 6 , e 7 , e 8 , e 9 , e 1 , e 11 , e 0 }; these are in order of the Fourier matrix. Note that {e 0 , e 6 } must be included, since < e 0 , e 0 > = 0 and < e 6 , e 6 > = 0.
Strictly greater than half the elements must be taken in cases here; self-dual codes cannot be obtained by the method.
For given n does there exist a Fourier n × n matrix over some finite field GF (q)? Does there exist a Fourier n × n matrix over a finite field of given characteristic p?
The following is taken from [9] . For a Fourier n × n matrix to exist over GF (p t ) for a prime p it is necessary that p does not divide n. Let p be a prime not dividing n. Then by Euler's Theorem, p φ(n) ≡ 1 mod n. Thus p φ(n) − 1 = nq for some integer q. Let F = GF (p φ(n) ). Then F has a primitive element β of order p φ(n) − 1. Now let ω = β q . Then ω is an element of order n in F. Hence a Fourier n × n matrix may be constructed over F which is a field of characteristic p.
Although GF (p φ(n) ) works, in many cases smaller fields of characteristic p may be obtained over which a Fourier n × n matrix exists; it depends on the order of p mod n which exists when p does not divide n.
Suppose now a rate R and a distance d are given and it is required to build a [[n, k, 
); this gives a value for n and hence a value for r and k. Now form the n × n Fourier matrix and choose r rows in succession ( • Suppose a rate • Suppose it is required to construct a rate • It is required to construct a rate 
Given field, find best quantum code
Let F = GF (q) be a given finite field. What is the maximum length of a quantum code that could be constructed with coefficients from F? Let ω be a primitive element in F; thus ω q−1 = 1, ω r = 1, 1 ≤ r < q − 1. Now construct the Fourier (q − 1) × (q − 1) over F using ω as the primitive root of unity. Then dual-containing [q − 1, r, d] mds codes may be constructed over F provided r > n/2 and then quantum
codes may be constructed by the CSS construction.
Required over a field of prime order
Given a rate and a required error-correcting capability, can a quantum code with this rate and this error-correcting be constructed over a prime field? In this case the arithmetic is then modular arithmetic which is easy to implement.
Here is an example to show how this can be done. Suppose a rate of − 1) ). Look at t = d, t = d + 1, . . . until s/(2(t − 1)) and n + 1 = p is prime. Then n determines r and 2r − n. Then form the n × n Fourier matrix over GF (p) = Z p and form the dual-containing [n, r, t] code by taking r (suitable) rows of this Fourier matrix from which the [[n, 2r − n, t]] quantum code is obtained.
Can a prime number for n + 1 always be obtained in this manner? In the cases looked at, a prime n + 1 value is attained very quickly. It's not proved here in general and is a conjecture. The following is a reasonably large example that can be written down as an illustration.
Suppose for example a rate 
Hermitian
Here codes from [9] which are shown to be dual-containing relative to a Hermitian inner product are used to construct mds quantum codes by the CSS construction. There is some restriction on the rates achievable by the method but then again using the Hermitian inner product to obtain quantum codes may be useful.
In a field F = GF (l 2 ) the Hermitian product of two vectors u = (
n and this is an element of F. Let e 0 , e 1 , . . . , e n−1 be the rows of a Fourier n × n matrix. Now < e i , e j > H =< e i , e l j > E =< e i , e jl >. Thus < e i , e j > H = 0 except when j * l = n − i, that is when i + j * l ≡ 0 mod n; in this case < e i , e j > H = n.
Let
Let e i be such a row of a Fourier matrix over a field GF (l 2 ). The Hermitian inner product is < v.u > H =< v, u l > E . Now for a row e i of the Fourier matrix, e j is orthogonal to every e j except just one that satisfies < e i , e j > H = 0.
Now
. This sum is zero except when i + jl ≡ 0 mod n. As l has an inverse mod n, there is just one j for each i. The dual of e i is generated by all the other e j except for this e j obtained from i + jl ≡ 0 mod n. Say a row e i is self-dual relative to the Hermitian inner product if < e i , e i > H = 0 and otherwise say the row e i is non-self-dual (relative to the Hermitian inner product). Thus e i is non-self-dual (relative to Hermitian inner product) if < e i , e i > H = 0.
Characteristic 2
The characteristic 2 finite fields are GF (2 m ). Interest now is in GF (2 2n ) on which a Hermitian inner product is defined by < v, u > H = v 1 u
n > E where the suffix E indicates the Euclidean norm. The 'l' here of the general case is 2 n . th root of unity in GF (2 4 ) are {e 0 , e 1 , . . . , e 14 }. The non-self-dual rows are {e 0 , e 3 , e 6 , ..., e 12 }. Thus take C =< e 0 , e 1 , . . . , e 12 >. Then C ⊥H consists of all the e i which are *not* in the set {e 0 , e 11 , e 7 , e 3 , e 14 , e 10 , e 6 , e 2 , e 13 , e 9 , e 5 , e 1 , e 12 }. This is {e 4 , e 8 } and constitutes C ⊥H . Thus C is dual-containing and is a [15, 13, 3] [15, 11, 3] ] mds quantum code. Choose rows e 6 , e 7 , . . . , e 14 , e 0 , e 1 , e 2 , e 3 to give another [15, 13, 3] dual containing code; the rows are consecutive so get the full distance. The [ [15, 11, 3] ] mds quantum code is derived. In general take the rows {e 3t , e 3t+1 , . . . , e 0 , e 1 , . . . , e 3t−3 } to form a [15, 13, 3] dual containing code from which to derive a [ [15, 11, 3] ] mds quantum code.
Consider GF (2 6 ). 
General characteristic 2
General method: Consider GF (2 2n ) and q = 2 2n − 1, l = 2 n . Form the Fourier q × q matrix over GF (2 2n ) using a primitive q th root of unity. Now {e 0 , e 2 n −1 , . . . , e 2 n (2 n −1) } are the non-self-dual elements of the Fourier matrix.
Then let C =< e 0 , e 1 , . . . , e 2 n (2 n −1) > which is then a dual containing [ . Now lim n→∞ R n = 1.
Characteristic 3
The finite fields of characteristic 3 are GF (3 t ). Interest here is in GF (3 2n ). The 'l' here is 3 n . Consider first GF (3 2 ). Here 3 2 − 1 = 8 and so GF (3 2 ) contains a primitive 8 th root of unity. Form the Fourier 8 × 8 matrix with a primitive 8 th root of unity. Denote its row by {e 0 , e 1 , . . . , e 7 }. Here l = 3. The non-self-dual e i are {e 0 , e 2 , e 4 , e 6 }. Consider then C =< e 0 , e 1 , . . . , e 6 > which is a dual-containing [8, 7, 2] and lim n→∞ R n = 1.
Characteristic 5
A detailed working out for GF ( 5 4 and lim n→∞ R n = 1.
General characteristic
Suppose the characteristic is p = 0. Then quantum mds codes of the form [[p 2n − 1, p 2n − 2.p n + 3, p n − 1]] may be formed using the Hermitian version of the CSS construction. The details are omitted.
